Abstract. Traditional electrostatic gyrokinetic treatments consist of a gyrokinetic Fokker-Planck equation and a gyrokinetic quasineutrality equation. Both of these equations can be found up to second order in a gyroradius over macroscopic length expansion in some simplified cases, but the versions implemented in codes are typically only first order. In axisymmetric configurations such as the tokamak, the accuracy to which the distribution function is calculated is insufficient to determine the neoclassical radial electric field. Moreover, we prove here that turbulence dominated tokamaks are intrinsically ambipolar, as are neoclassical tokamaks. Therefore, traditional gyrokinetic descriptions are unable to correctly calculate the toroidal rotation and hence the axisymmetric radial electric field. We study the vorticity equation, ∇ · J = 0, in the gyrokinetic regime, with wavelengths on the order of the ion Larmor radius. We explicitly show that gyrokinetics needs to be calculated at least to third order in the gyroradius expansion if the radial electric field is to be retrieved from quasineutrality. Moreover, since simulations are based on first order gyrokinetic equations, they are unreliable for wavelengths longer than the geometric average between the ion Larmor radius and the macroscopic scale length. The method employed to study the vorticity equation also suggests a solution to the problem, namely, solving a gyrokinetic vorticity equation instead of the quasineutrality equation. The vorticity equations derived here only obtain the potential within a flux function as required.
Introduction
Gyrokinetic codes are widely used to simulate the turbulent fluctuations in tokamak plasmas. Until recently, these codes solved only for the small, fluctuating piece of the distribution function, and were local, employing a domain with a small radial extension (a flux tube) of only several ion Larmor radii [1, 2, 3, 4] . This approach, known as δf gyrokinetics, has the advantage of reduced noise but is unable to provide self-consistent radial profiles. Since only the turbulent piece of the distribution function is solved for, the long wavelength piece is given as an input. It is assumed that the saturation time for turbulence is much shorter than the transport time scale, in which the background radial profile evolves. Under these circumstances, the radial gradients are constant and given for the δf simulations. These codes then provide the associated turbulent radial fluxes of particles and energy, but cannot evolve the radial profiles.
In recent years, there has been an increasing interest in extending these turbulence calculations to longer wavelengths and transport time scales by developing a formulation of gyrokinetics capable of evolving the slow piece of the distribution function to provide self-consistent radial profiles. In such a formulation, the radial profile of electric field is particularly important due to its influence on the saturation level of turbulence. On the one hand, the toroidal rotation, determined by the radial electric field, is believed to play an essential role in the creation and equilibrium of regions of reduced turbulence like the pedestal and internal transport barriers [5] . On the other hand, the poloidal zonal flow [6, 7, 8, 9] induced by the radial structure of the electric field can act to control the saturated amplitude of turbulence.
The extension of gyrokinetics to transport time scales must draw from the experience developed in neoclassical theory [10, 11] . Not only can neoclassical transport compete with the turbulent fluxes in some limited cases, but the tools and techniques developed in neoclassical theory become extremely useful because they require only a lower order distribution function to determine higher order fluxes of particles, energy and momentum. In the case of the electric field, the comparison between neoclassical theory and gyrokinetics is striking. In neoclassical theory, the tokamak is intrinsically ambipolar due to its axisymmetry [12, 13] , i.e., the plasma remains quasineutral for any value of the radial electric field unless the distribution function is known to higher order than second in an expansion on the ion Larmor radius over the scale length. The reason for this is that the radial electric field is related to the toroidal velocity through the E × B drift. Due to axisymmetry, the evolution of the toroidal velocity only depends on the small off-diagonal terms of the viscosity, making impossible the self-consistent calculation of the radial electric field unless the proper off-diagonal terms are included. The distribution function required to directly obtain the viscosity is higher order than second; the order at which intrinsic ambipolarity is maintained. In neoclassical theory, many results are obtained in the high flow limit [14, 15, 16, 17] that will not be considered here because the velocities in the core of tokamaks are usually small. In the low flow or drift ordering, the problem becomes much harder because the expansion needs to be carried out to higher order (since the size of the transport of toroidal angular momentum is, in order of magnitude, proportional to the flow). The axisymmetric radial electric field has only been recently found in the Pfirsch-Schlüter regime [18, 19, 20] , and there has been some incomplete work on the banana regime for high aspect ratio tokamaks [21, 22] .
In gyrokinetics, however, the electric field is found from a lower order gyrokinetic quasineutrality equation [23, 24, 25] rather than from the transport of toroidal angular momentum. In reference [26] , we illustrated the difficulties that arise when the long wavelength radial electric field is obtained with this procedure. Here, we propose an alternative approach to quasineutrality. The basic idea is employing a vorticity equation instead of quasineutrality. The vorticity equation is the time derivative of the quasineutrality or current conservation equation. Some approximate forms of it have been used to obtain the electrostatic potential in fluid turbulence calculations [27, 28] . In principle, the vorticity equation contains the same information as quasineutrality because it is its time derivative. However, the vorticity equation makes the time scales explicit and can be more easily derived to higher order, providing insight and showing where the gyrokinetic quasineutrality equation fails. In particular, we are able to show that turbulence dominated tokamaks are also intrinsically ambipolar, meaning that the distribution function is required to at least third order in a gyroradius over scale length expansion to determine the electric field from quasineutrality.
We will obtain a general vorticity equation from the full Fokker-Planck equation that is valid for every scale in the turbulent evolution of the plasma. We will show that this equation has all the desired properties. In particular, for the long wavelength radial electric field, the vorticity equation reduces to conservation of toroidal angular momentum. The radial transport of toroidal angular momentum is a slow, but crucial process because it determines the radial rotation profile in tokamaks and, hence, the axisymmetric radial electric field. Because it evolves on the slow transport time scale, the δf gyrokinetic approach neglects it. We show that it must be kept to calculate the long wavelength radial electric field self-consistently.
The general vorticity equation, however, is not easily amenable to numerical simulation. It requires differences of large terms that should give a small result. For this reason, the size of the term that contains the transport of toroidal angular momentum is difficult to evaluate. Consequently, here we focus on developing two equivalent vorticity equations valid for short wavelengths, on the order of ion Larmor radius. These vorticity equations are in principle equivalent to gyrokinetic quasineutrality, but with the advantage of explicitly showing the time scales and how they change as the wavelengths get larger, and consistently treating higher order corrections to the distribution function. We find that the dependence of the vorticity equation on the transport of toroidal angular momentum -and hence on the radial electric fieldbecomes weak for long wavelengths. In other words, quasineutrality is automatically satisfied for any long wavelength radial electric field to a high degree, i.e., the turbulent tokamak is intrinsically ambipolar. To the order consider herein, the resulting vorticity equation only provides an estimate for the size of the transport of momentum, and it is not yet suitable for the calculation of the radial electric field. The transport of toroidal angular momentum will be addressed in the near future.
By comparing the two equivalent vorticity equations with the exact conservation of toroidal angular momemtum, we can prove that the long wavelength radial electric field cannot be determined by existing gyrokinetic and quasineutrality equations in steady state turbulent tokamaks. Also, we are able to give a wavelength above which the radial electric field is unreliable.
To write a gyrokinetic vorticity equation valid for wavelengths as small as the ion Larmor radius, we will employ the gyrokinetic equation. We present here a formalism that helps us study transport of general quantities for short wavelengths. In particular, we will focus on the transport of particles and momentum since they will be used to obtain two forms of the vorticity equation.
The rest of the article is organized as follows. In section 2, we explain the magnetic geometry and our gyrokinetic ordering. Our discussion about the zeroth order distribution function and electrostatic potential is particularly important for the rest of the paper. In this section, we also define the different gyroaverages to be used later. In section 3, we write the general vorticity equation and we show how it is related to conservation of toroidal angular momentum. Unfortunately, this equation contains divergence free terms that could lead to serious numerical errors. Consequently, the remaining sections focus on finding vorticity equations without divergence free terms and ready for simulation. Section 4 is a thorough study of the transport of particles and momentum at short wavelengths that results from the gyrokinetic equation. This will be useful when writing vorticity equations suitable for gyrokinetics. In section 5, we present two equivalent vorticity equations that can be used in gyrokinetic codes for turbulence saturation time scales, but not yet for transport time scales. They will satisfy the right properties at long wavelengths by keeping the toroidal rotation approximately constant. The comparison of these vorticity equations with the full vorticity equation will help to determine at which wavelength the traditional quasineutrality fails. We will finish with a discussion in section 6. Algebraic details are relegated to Appendices A-H.
Ordering and assumptions
To simplify, we assume that the electric field is electrostatic, i.e., E = −∇φ, with φ the electrostatic potential. We also assume that the magnetic field B is constant in time and has a characteristic length of variation much larger than the ion Larmor radius. We use an axisymmetric magnetic field,
with ψ and ζ the magnetic flux and toroidal angle coordinates. The vector ∇ζ =ζ/R withζ the unit vector in the toroidal direction and R the radial distance to the symmetry axis of the torus. We use a poloidal angle θ as the third coordinate, and employ the unit vectorb = B/B with B = |B|. The toroidal magnetic field, B ζ = I/R, is determined by the function I that only depends on the radial variable ψ to zeroth order. The zeroth order ion and electron distribution functions are stationary Maxwellians, f M i and f M e . The only spatial dependence allowed for these zeroth order solutions is in the radial variable ψ. Therefore,b · ∇f M i =b · ∇f M e = 0. There can be a weaker dependence on poloidal and toroidal directions, but it must be of the next order in our expansion parameters,
Here, ρ i = M cv i /ZeB and ρ e = mcv e /eB are the ion and electron Larmor radii, respectively, and L is a characteristic length, usually of the order of the minor radius of the tokamak. The quantities M , Ze and v i = 2T i /M are the ion mass, charge and thermal velocity, m, e and v e = 2T e /m are the electron mass, charge magnitude and thermal velocity, and c is the speed of light. We assume that the electron and ion temperatures are of the same order, T i ∼ T e , and, therefore, v i /v e ∼ m/M 1. Finally, we assume that the radial gradients of f M i and f M e are O(1/L). The zeroth order potential φ works in a similar fashion, depending only on ψ and with a radial gradient on the longer scale L.
We allow wavelengths perpendicular to the magnetic field that are on the order of the ion Larmor radius, k ⊥ ρ i ∼ 1, and, at the same time, we assume that the average species mean flow velocity is smaller by an order compared to the thermal velocity, i.e., V i ∼ V e ∼ δ i v i ∼ δ e v e (our zeroth order distribution function is consistent with this assumption). This assumption is adequate for the plasma core, and, if the velocities are subsonic as in most tokamaks, also for the pedestal. This ordering requires that the pieces of the potential and the distribution function with short perpendicular wavelengths be small in size, in particular
Then, the pieces of the distribution function that have wavelengths on the order of the ion Larmor radius are next order in the expansion in δ i . We could allow wavelengths on the order of the electron Larmor radius following a similar ordering, but we ignore these small wavelengths to simplify the presentation. Unlike the perpendicular wavelengths, the wavelengths along the magnetic field, k || , are taken to be on the order of the larger scale L. Moreover, except for initial transients, the variation along the magnetic field of f i , f e and φ is slow, i.e., in generalb
To find the gyrokinetic equation, we follow the derivation in [26] . The gyrokinetic variables are expanded in δ,
⊥ /2B and ϕ 0 are the position, kinetic energy, magnetic moment and gyrophase of the particle. The gyrophase is defined according to v ⊥ = v ⊥ (ê 1 cos ϕ 0 +ê 2 sin ϕ 0 ), with v ⊥ the velocity perpendicular to the magnetic field, v ⊥ = |v ⊥ |, andê 1 (r),ê 2 (r) andb(r) an orthonormal system of vectors such that e 1 ×ê 2 =b. The parallel velocity is defined as v || = v ·b(r) = 2[E 0 − µ 0 B(r)]. Note that R and E have gyrokinetic corrections up to second order in δ = ρ/L 1, whilst µ and ϕ only need first order corrections due to the weaker dependence of the distribution function on these variables [since the distribution function is a stationary Maxwellian to lowest order, the µ dependence can only be in the next order, and gyrokinetics makes the dependence on gyrophase weak]. The first and second order pieces of the gyrokinetic variables are found in [26] . The second order pieces E 2 and R 2 are given in equations (18) and (30) of that reference. We will not need them. The first order corrections, however, are important for our calculation, and we give them here for completeness:
and
where φ , φ and Φ are functions related to the electrostatic potential that can vary rapidly in space and time compared to other terms in the gyrokinetic variables. Their definitions are
such that Φ = 0. Here, . . . is the gyroaverage holding the gyrokinetic variables R, E, µ and t fixed. Our ordering (2) requires that both φ and φ are of the same order as the temperature for long wavelengths, but small for short wavelengths. However, φ and Φ are always small as they account for the variation in the electrostatic potential that a particle sees as it moves in its gyromotion. Of course, since the potential is small for short wavelengths, the variation observed by the particle is also small. For long wavelengths, even though the potential is comparable to the temperature, the particle motion is small compared with the wavelength, and the variations that it sees in its motion are small. Therefore, φ ∼ Φ ∼ δT e /e for all wavelengths in our ordering. Importantly, to O(δT e /e), the functions φ , φ and Φ are independent of E as the Larmor motion depends only on µ and ϕ to zeroth order.
Using these gyrokinetic variables, the distribution function f becomes gyrophase independent up to O(δ), and it is obtained from the gyrokinetic Fokker-Planck equation
where dQ/dt ≡Q is the Vlasov operator applied to any quantity Q, and C{f } is the appropriate Fokker-Planck collision operator. We have used μ 0. The coefficientṡ R andĖ are, to O(δ),
where v M and v E are the magnetic and E × B drifts, and u is the parallel velocity of the gyrocenter. They are given by
Here, Ω = ZeB/M c is the gyrofrequency and κ =b·∇b is the curvature of the magnetic field lines. The gyrophase dependent piece of the distribution function is second order in our ordering and is given by
Collisions are ordered such that
i ) is the ion-ion collision frequency, and ln Λ is the Coulomb logarithm. This ordering gives us the freedom to make a subsidiary expansion in ν ii L/v i to treat arbitrary collisionality. In what follows, we will neglect ion-electron collisions in the ion gyrokinetic equation because they are smaller by a factor of m/M . For the electrons, on the other hand, the electron-electron collisions and the electron-ion are comparable to v e /L. Since we only allow wavelengths on the order of the ion Larmor radius, the treatment of electrons is drift-kinetic, and dealing with the unlike collision operator becomes routine.
After the initial transient, equation (10) for ions becomes ub · ∇ R f i = C{f i } to zeroth order, assuming as usual thatb · ∇ R φ T e /eL. In the long wavelength limit, this requires that
. Therefore, our assumption about the long wavelength piece of the distribution function is satisfied. Importantly,b · ∇f M i = 0 does not impose any condition on the radial dependence of f M i . Consequently, the density and temperature in f M i may have short wavelength components as long as they satisfy the orderings in (2) 
Furthermore, any variation of the distribution function within flux surfaces is due to f i − f M i , and thus small by δ i as compared to the long wavelength piece of f M i . This means that when we consider average velocities or the gradientsb · ∇ R f i andζ · ∇ R f i , it will be useful to think about the distribution function as it is done in δf codes in which
If we compare the estimate for f i − f M i with the orderings in (2), we find that the gradients of f i and φ parallel to the flux surfaces are smaller than the maximum allowed in gyrokinetics, i.e.,b
These estimates may fail for the initial transient, but we are interested in the electric field evolution at long times when the transient has died away.
Finally, we use the variables r, E 0 , µ 0 and ϕ 0 when we describe "physical" phase space. We refer to it as physical phase space because spatial and velocity coordinates do not get mixed as they do in gyrokinetic phase space. Whenever we write ∂/∂E 0 , it is implied that we are holding fixed r, µ 0 , ϕ 0 and t, and similarly for ∂/∂µ 0 and ∂/∂ϕ 0 . The gradient holding E 0 , µ 0 , ϕ 0 and t fixed will be written as ∇. In addition, whenever we take a derivative with respect to a gyrokinetic variable, we are holding constant the other gyrokinetic variables. The partial derivative with respect to the time variable t deserves a special mention since we need to indicate which variables are kept fixed. In this formulation, the time derivative holding r and v fixed is equivalent to holding r, E 0 , µ 0 and ϕ 0 fixed because the magnetic field is constant in time. Also, a gyroaverage holding r, E 0 , µ 0 and t fixed is denoted as (. . .), as opposed to the gyrokinetic gyroaverage . . . .
Vorticity equation
To obtain the electrostatic potential and build in the quasineutrality condition, but also make explicit the time scales that enter the problem, we will work with the current conservation or vorticity equation,
where J = Zen i V i − en e V e is the current density, and
v vf e are the ion and electron densities, and the ion and electron average flows. The functions f i and f e are the ion and electron distribution functions, respectively. The parallel current J || = J ·b can be obtained to the requisite order by integrating over the ion and electron distribution functions as discussed in more detail in section 5. The perpendicular current is given by the perpendicular component of the total momentum conservation equation,
We have neglected the inertia of electrons because their mass is much smaller than the mass of the ions. The stress tensor can be rewritten as
where
⊥ /2 is the total perpendicular pressure,
|| is the total parallel ion pressure, and
is the ion viscosity. The electron viscosity is neglected because it is m/M smaller. Here, ↔ I the unit dyad, and vv is the gyroaverage of vv holding r, E 0 , µ 0 and t fixed. Obtaining the perpendicular current J ⊥ from (18) and substituting it into (17) we find the vorticity equation
is the vorticity. To write equation (21) we have employed c Bb
The vorticity equation allows us to find the electric field because the perpendicular ion velocity is, to lowest order,
Each time step, a new vorticity is found, and the electric field is solved for by using the lowest order result (26) . The first part of the vorticity, ∇ · [(Zecn i /BΩ)∇ ⊥ φ], is strikingly similar to the polarization density used in gyrokinetic codes, which means that numerical methods to solve for the electric field are available. Only an extra time integration must be included. Here, it is worth commenting that the vorticity is O(δ i k ⊥ ρ i en e ), becoming small for the longer wavelengths. This means that the time evolution of equation (21), where the term
, requires a decreasing time step as k ⊥ ρ i → 0, or an implicit numerical method that will insure that the right side of (21) vanishes for long wavelengths. Solving implicitly for the potential is routinely done in gyrokinetic simulations [29, 30] .
In equation (21), the matrix ↔ π i not only contains the gyroviscosity and perpendicular viscosity, but also the turbulent Reynolds stress. In general, the ion viscosity is of order O(
1, the leading gyrophase dependent piece of the distribution function is
where we have employed that for wavelengths longer than the ion Larmor radius we can Taylor expand (20) , only depends on the gyrophase dependent part of the distribution function, and according to (27) 
because this lowest order gyrophase piece gives zero contribution. The estimate is also valid for electrons, for which we assume that the shortest wavelength is of the order of the ion Larmor radius, giving an electron viscosity m/M times smaller than the ion viscosity, thereby justifying its neglect.
Formally, the term
) and the parallel current contribution is similar in magnitude. However, we will prove in section 5 that the formal estimate is too high, and in reality
In brief we will show that this term is the only one that enters in the equation for the radial electric field. Since it becomes small for long wavelengths, the vorticity equation and hence its time integral, quasineutrality, are almost independent of the long wavelength radial electric field, i.e., the tokamak is intrinsically ambipolar even in the presence of turbulence. The order of magnitude estimate in equation (28) is the proof of intrinsic ambipolarity. In general, ∇ · J d dominates or at least is comparable to the other terms in (21) . However, the physics that determines the radial electric field is an exception in that ∇ · J d no longer dominates and only the viscosity term matters. We can prove this with the flux surface average of equation (21), given by
where . . . ψ = (V ) is the flux surface volume element. To simplify, we have used
and R(∇·
Equations (30) and (31) are obtained from the definition of flux surface average and equation (1), respectively. The flux surface average of J d ·∇ψ is conveniently rewritten using (25) , (∇ ×b) · ∇ψ = ∇ · (b × ∇ψ) and (31) to find
where we use that ∇ · (RBζ) = 0 =ζ · ∇B due to axisymmetry. The flux surface average of this expression is
where we have integrated by parts and usedb · ∇ ln B = −∇ ·b. Substituting this result into equation (29) and using the parallel component of (18) to writê
we obtain conservation of toroidal angular momentum
where we have employed
and we have integrated once in ψ assuming that there are no sources or sinks of momentum. Equation (35) shows that toroidal angular momentum is transported by the viscosity, including both turbulent and neoclassical effects. In tokamaks, the toroidal velocity is determined only and exclusively by the off-diagonal terms of the viscosity because of toroidal symmetry. In a model in which the transport time scale is not reached, as is the usual case in gyrokinetics, the long wavelength toroidal velocity is constant and equal to its initial value. Consequently, the long wavelength radial electric field, related to the toroidal velocity by the E × B velocity, must not evolve and must be determined by the initial condition. The vorticity equation makes this fact explicit by including the radial current density
This current density is not kept in gyrokinetics since, in general, gyrokinetics only includes current densities up to O(δ 2 i en e v i ) at most. In other words, the radial current is so small that treating it requires at least a distribution function of third order in δ i . Lower order gyrokinetic formulations then should find that the radial drift of ions and electrons is intrinsically ambipolar, no matter what the value of the radial electric field is. This shortcoming is the origin of the problems with the gyrokinetic quasineutrality. The vorticity equation circumvents the difficulty by explicitly displaying the charge flow associated with the transport of toroidal angular momentum. Then, the transport of toroidal angular momentum may be included or left out, depending on the time scale of interest.
The i en e v i . The estimate from neoclassical theory is not necessarily applicable to turbulent transport of toroidal angular momentum, but it is suggestive. Indeed, if the transport of toroidal angular momentum is at the gyroBohm level, we recover the same order of magnitude. To see this, assume that the transport of angular momentum is a transport coefficient of the gyroBohm order δ i ρ i v i multiplied by the macroscopic gradient of momentum,
This simple estimate leads to the same result as the neoclassical calculation, namely, the transport of momentum is δ 3 i p i . Here, the fact that the velocity is O(δ i v i ) plays an important role. However, our objective is not estimating the size of the turbulent viscosity, a formidable problem on its own, but showing how its effect can be included in the calculation of the electric field.
The vorticity equation (21) has the right physics, and makes explicit the different times scales (from the fast turbulence times to the slow radial transport time). However, we shall see in section 5 that the divergence of (c/B)b × (∇· ↔ π i ) is an order smaller than its formal estimate suggests for
This difference between the real size and the formal ordering may lead to a numerical problem. In what follows, we will propose a method to avoid this problem. But first, we need to examine the transport of particles and momentum implicit in the gyrokinetic equation at short wavelengths.
Transport in gyrokinetics
We need to understand the transport of particles and momentum at wavelengths that are of the order of the ion Larmor radius. For example, it is at those wavelengths that the divergence of the viscosity becomes as important as the gradient of pressure, and we need to determine which one dominates in the vorticity equation. To do so, we employ the gyrokinetic equation. It will provide powerful insights, but we have to remember that the gyrokinetic equation is only correct to
Therefore, we will obtain the equations of particle and momentum conservation for ions and electrons for k ⊥ ρ i ∼ 1 up to, but not including, order δ
Then we will perform a subsidiary expansion for k ⊥ ρ i
1 to study what happens as we go to longer and longer wavelengths. We have to keep in mind that we are missing terms that are O(δ
, and our subsidiary expansion in k ⊥ ρ i cannot reach that limit. In this section, we present the general method to obtain conservation equations from gyrokinetics. In section 4.1, we derive the gyrokinetic equation in the physical phase space variables r, E 0 , µ 0 and ϕ 0 , and we write it in a conservative form that is convenient for deriving moment equations. The details of the calculation are contained in Appendices A and B. In section 4.2, we derive the general moment equation for a quantity G(r, v, t). We will apply this general equation to obtain particle and momentum transport in sections 4.3 and 4.4, respectively. The details of the calculations are in Appendices C and E. In Appendix D, we show how to treat the effect of the finite Larmor radius on collisions.
Gyrokinetic equation in physical phase space
The distribution function shows a simpler structure when written in gyrokinetic variables, namely, it is independent of the gyrophase except for the piece in (16), due to classical collisions. The goal of this subsection is writing the Fokker-Planck equation, df i /dt = C{f i }, in the physical phase space variables r, E 0 , µ 0 and ϕ 0 , while preserving the simple form obtained by employing the gyrokinetic variables. We do so to order δ i f M i v i /L, the order to which the gyrokinetic equation is deduced, by starting with
where a = −Ze∇φ/M +Ω(v×b) is the acceleration of particles and we have written the Vlasov operator d/dt in both r, v and gyrokinetic variables. The derivative ∂f i /∂µ does not appear in equation (37) because we assume that f i is a stationary Maxwellian to zeroth order andμ is small by definition of µ. The derivative respect to the gyrokinetic gyrophase ϕ is small and related to the collision operator by (16) ,
The difference between time derivatives of f i can be written as [26] 
where we have employed (4) and that B is independent of time. Combining equations (37), (38) and (39), the Fokker-Planck equation
Here, we have used that the time evolution of
We need to rewrite equation (40) in the variables r, E 0 , µ 0 and ϕ 0 . To order δ i , the distribution function is
v ×b. We have Taylor expanded E = E 0 + Ze φ/M and µ by considering that the zeroth order solution is the Maxwellian f M i . For the φ term it is enough to use the lowest order variables R g , µ 0 and ϕ 0 instead of R, µ and ϕ (the dependence of φ on E is weak). Using equation (41) and considering that both the zeroth order distribution function and the zeroth order potential are almost constant along magnetic field lines, we can rewrite part of equation (40) in terms of the variables r, E 0 , µ 0 and ϕ 0 . The details are in Appendix A, and the final result iṡ
where f ig is missing the piece proportional to φ [see equation (41)]. The gradient ∇ R g is taken respect to R g holding E 0 , µ 0 , ϕ 0 and t fixed, and ∇ is the gradient respect to r holding E 0 , µ 0 , ϕ 0 and t fixed. The quantityṘ · ∇ Rg r is given bẏ
with
and using equation (A.6)
In equation (42), it is important to be aware of higher order terms (like v M 0 · ∇f ig ), in which the full distribution function, not just f M i , must be retained. In these terms, the steep perpendicular gradients make the higher order pieces of the distribution function important [recall the orderings in (2)]. Equation (42) can be written in conservative form, more convenient for transport calculations. The details of this calculation are in Appendix B, and the result iṡ
where B/v || is the Jacobian ∂(v)/∂(E 0 , µ, ϕ 0 ), and the quantities µ 10 and ϕ 10 are the pieces of the first order corrections µ 1 and ϕ 1 that do not depend on the potential. They are given by
The definitions of µ 1 and ϕ 1 are in equations (5) and (6), respectively. 
Here, for φ and φ, it is enough to consider the dependence on the lowest order variables, i.e., R g , µ 0 and ϕ 0 (the dependence of φ and φ on E is weak).
Transport of a general function
Multiplying equation (51) by a function G(r, v) and integrating over velocity space, we finally find the conservation equation for that function G to be
In the next two subsections, we will use this formalism to study the transport of particles and momentum at short wavelengths.
Transport of particles at k
Particle transport for electrons is easy to obtain since we only need to consider k ⊥ ρ e 1. In this limit drift kinetics is valid giving
The same result may be deduced from equation (52) by neglecting pressure anisotropy terms that are small by a factor m/M compared to the ion pressure anisotropy. Obviously, the ion particle transport must be exactly the same as for the electrons due to quasineutrality. Nonetheless, we still must obtain the particle transport equation for ions to be able to calculate the electric field by requiring that both ions and electrons have the same density. The ion density evolution is given by
Using equation (52) with G = 1, we can write it as ∂ ∂t
where n ip is the polarization density, defined as
the parallel flow is
the term n iṼi is a perpendicular flow that originates in finite Larmor radius effects, given by
and the flows due to the E × B and magnetic drifts are
The details on how to obtain equation (57) from (52) are in Appendix C. The collisional flow n i V iC is evaluated in Appendix D and is caused by ion-ion collisions due to finite Larmor radius effects. It is given by
with γ = 2πZ
In the presence of potential structure on the order of the ion Larmor radius, the contributions to n iṼi no longer average to zero in a gyration since they can add coherently. In the integration
In Appendix C, we prove that all the other terms inṽ 1 can be neglected. The physical origin of (v || /Ω)(v ×b) · ∇b is the difference between the direction of the magnetic field at the gyrocenterb(r + Ω −1 v ×b), and the direction of the magnetic field at the real position of the particleb(r). Due to this difference, part of the parallel motion of the gyrocenter is in a direction perpendicular to the local magnetic field. The other effect,
, is the change in the size of the Larmor radius due to the change in magnitude of the magnetic field that the particle feels as it streams along B.
In section 5, we will obtain a vorticity equation for φ by imposing Zn i = n e . Equations (54) and (57) will provide the time evolution of Zn i − n e . It will be useful to know the size of the different terms in equation (57). The divergence of the drift flow, ∇ · (
1, the gyrophase dependent piece of f ig , similar to (27) , is even in v || to zeroth order, making the integral vanish. Its divergence,
ii n e , as proven in Appendix D. The polarization density n ip is of order δ i k ⊥ ρ i n e , as proven in [26] , where it was shown that n ip becomes
1 (see Appendix E of reference [26] ). This result means that for longer wavelengths, the polarization term becomes unimportant. Therefore, at long wavelengths only the balance between the time evolution of the density, the parallel flow, and the magnetic and E × B drifts matter.
Transport of momentum at k
From electron momentum conservation, we will only need the parallel component, given byb
v v || C ei {f e } is the collisional parallel momentum exchange. The time derivative of n e mV e and the viscosity have been neglected because they are small by a factor of m/M . In this equation, there are terms of two different orders of magnitude. The dominant terms areb · ∇p e|| b · ∇p e and en eb · ∇φ, both of order O(δ i p e /L) for turbulent fluctuations at k ⊥ ρ i ∼ 1. The friction force F ei|| and the terms that contain the pressure anisotropy p e|| −p e⊥ ∼ δ e p e are an order m/M smaller than the dominant terms. However, these smaller terms are crucial because they provide the non-adiabatic behavior and hence allow radial transport of particles. In the vorticity equation (21), the non-adiabatic electron response is kept in the integral d 
Equation (66) can also be recovered by using equation (52) and neglecting terms small by m/M . Ion momentum evolution is given by
where we have neglected the collisional momentum exchange because it is smaller than the parallel electric field and pressure terms by a factor m/M . Using equation (52) with G = v and employing Appendix E, we find ∂ ∂t
v f ig v is the average gyrocenter velocity; the vector π ig|| is the parallel momentum transported by the drifts and is given by
the tensor ↔ π ig× gives the transport of perpendicular momentum by the drifts,
the vectorF iEb is a correction due to the short wavelengths of the electric field with
the vector F iB contains the effect on the gyromotion of the variation in the magnetic field and is given by
and the collisional perpendicular viscosity is included in
The forceF iE originates in the change in the parallel velocity magnitude due to potential structures on the size of the ion Larmor radius. The force F iB accounts for the change in perpendicular velocity due to variation in the magnetic field that the particle feels during its motion. Interestingly, the parallel component of equation (69) is simply
The parallel components of ∇· ↔ π ig× and F iB cancel each other, as proven in Appendix E. Equation (69) will be used in section 5 to get one of the forms of the vorticity equation. Thus, it is useful to estimate the size of the different terms in it. The pressure terms,b · ∇p ig|| + (p ig|| − p ig⊥ )∇ ·b, and the electric field term, Zen ib · ∇φ, are O(δ i p i /L). The termsF iE and F iB are of order δ i k ⊥ ρ i p i /L. These estimates are obvious for the integrals (Ze/Ω) 
because the leading order gyrophase dependent piece of f ig is even in v || as in (27) . On the other hand, the size of the integral d
It is difficult to refine this last estimate because it is a nonlinear term and short radial wavelength pieces of f ig and φ can beat to give a long wavelength result. The divergences of π ig|| and
Vorticity equation for gyrokinetics
In section 3, we saw that the term that contains the ion viscosity in the vorticity equation (21) seems to dominate. However, in reality it is smaller than ∇ · J d , as we will demonstrate in this section. As a result, the viscosity must be evaluated carefully; otherwise, spurious terms may appear in numerical simulations. Here we will propose two different vorticity equations that avoid this numerical problem and are valid for short wavelengths. Long wavelength, transport time scale phenomena, like the selfconsistent calculation of the radial electric field can be included, but this will be the subject of a future publication.
The vorticity equation (21) provides a way to temporally evolve the electric field perpendicular to the magnetic field. However, the parallel electric field strongly depends on the parallel electron dynamics, hidden in the parallel current J || in equation (21) . Fortunately, it is enough to use the integral J || = Ze d
v v || f e for the parallel current since J || does not alter the higher order calculation of the radial electric field determined by equation (35). In several codes [29, 30] , the electron distribution function is solved implicitly in the potential. This implicit solution is then substituted in J || to find the potential in the next time step from the vorticity equation.
In section 5.1, a vorticity equation will be derived directly from gyrokinetic quasineutrality. The advantage of this form is its close relation to previous algorithms, but it differs greatly from the general vorticity equation (21) . In section 5.2, we will present a modified vorticity equation that has more similarities with equation (21). We will insure that both forms are equivalent and satisfy the desired condition at long wavelengths, namely, that they provide a fixed toroidal velocity.
Vorticity from quasineutrality
The first version of the vorticity equation is obtained by taking the time derivative of the gyrokinetic quasineutrality (Zn i = n e ). In other words, we find the time evolution of ion and electron density and insure that its difference is constant in time. This is equivalent to subtracting equation (54) from Z times (57) to obtain ∂ ∂t
whereJ i is the polarization current
and J gd is the drift current
with p g|| = p ig|| + p e and p g⊥ = p ig⊥ + p e . Here, to write the second form ofJ i , we use
In equation (76), the ion polarization density,
is advanced in time, and the electric field is solved from n ip . We need to check if equation (76) satisfies the right conditions at long wavelengths. In the present form, though, it is a tedious task. To perform this check, we will use the much more convenient form in section 5.2, that we will prove is equivalent.
Finally, we will give estimates for the size of all the terms in (76). These estimates will be useful in section 5.2 to study the behavior of the toroidal angular momentum for k ⊥ ρ i 1. The size of most of the terms in equation (76) can be obtained from the estimates given in section 4. 
We have used d
|| f ig )] to find this result. The second form of (79) is useful to estimate the size of ∇ ·j i because we can use e φ/T e ∼ δ i and
given in (79), there are short wavelength components of f ig and φ that beat together to give a long wavelength component. In these individual components, R g cannot be expanded around r, but it can be expanded in the long wavelength component of ∇ ·j i to find
We can neglect the difference between ∇ ·j i (r, E 0 , µ 0 , ϕ 0 ) and ∇ ·j i (R g , E 0 , µ 0 , ϕ 0 ) in the higher order term. The interesting property of equation (80) is that the velocity integral of the zeroth order term ∇ ·j i (r, E 0 , µ 0 , ϕ 0 ) can be done because the gyrophase dependence in R g has disappeared. Employing the second form of equation (79) 
/2). This result is negligible compared with the term Ω
where we use that Ω −1
v ×b is of order 1/L and the gradient of ∇ ·j i is of order k ⊥ .
Vorticity from moment description
Equation (76) has the advantage of having a direct relation with the gyrokinetic quasineutrality. However, its relation with the full vorticity equation (21) and the evolution of toroidal angular momentum is not explicit. For those reasons, we next derive an alternative vorticity equation.
We define a new gyrokinetic vorticity,
as given by in equation (26) to first order. The new version of the vorticity equation will temporally evolve the gyrokinetic vorticity (82). The advantage of this new equation is that it will tend to a form similar to the moment vorticity equation (21) for k ⊥ ρ i 1. It is important to point out that the new version of the vorticity equation, to be given in (84), and equations (21) and (76) 1. We will prove that the toroidal velocity will vary slowly, as expected. Additionally, since the new vorticity equation is derived from quasineutrality and the gyrokinetic equation, it is equivalent to gyrokinetic quasineutrality and provides a way to study its limitations. Moreover, due to its similarity with the full moment vorticity equation (21), in the near future we plan to add in the missing terms needed to calculate the correct toroidal angular momentum transport and hence the proper radial electric field.
The new version of the vorticity equation is obtained by adding equations (76) and
The
and some other terms that have vanished because they are divergence free. The details on how to obtain equation (84) are in Appendix F. Here we have defined the new viscosity tensor
and the new current
withJ i given in (77). From the derivation of equation (84), we see that both equations (76) and (84) are equivalent as long as the perpendicular component of equation (69) is satisfied, and any property proved for one of them is valid for the other. Equation (84) gives the evolution of G and the potential is then found by solving equation (82). Equation (84) does not contain terms that are almost divergence free, as was the case of (c/B)b × (∇· ↔ π i ) in equation (21) . This will ease implementation in existing simulations.
It is important to know the size of the different terms in (84) for implementation purposes. In section 5.1, we found out that 
where we have used that the lowest order gyrophase dependent piece of f ig is even in v || [recall (27) 
Interestingly, employing equations (79) and (81) and the definition ofJ iφ in (86), we find that for k ⊥ ρ i 1, ∇ ·J iφ tends to
To obtain this expression we have neglected
Equation (87) (21) from (84) we find
This result was anticipated in equation (28) and proves that turbulent tokamaks are intrinsically ambipolar! Most of the estimates for the terms in equation (89) are obtained from the previous paragraphs. We only need to work a little harder to find − G and ∇ · (J gd − J d ). The long wavelength limit of G ∼ δ i k ⊥ ρ i en e , given in (83), is the same as the long wavelength limit of in (26) . Thus, they can only differ in the next order in
The size of (89) and asserted in equation (28) in section 3. Therefore, there is a piece of the viscosity of order
In equations (76) and (84) this piece has already been cancelled.
Finally, we will study the evolution of the toroidal velocity hidden in equation (84). To do so, we will flux surface average equation (84) in the same way as in section 3 for equation (21) . The result is
The term J gd · ∇ψ can be manipulated in the same way as the term J d in equation (29) to give
Employing the parallel momentum equation for ions, given by (75), and electrons, given by (67), to writê
we find
where we have employed (I/B)
where we have integrated once in ψ. The details of the calculation are in Appendix G. The zeroth order off-diagonal viscosity is given by
The distribution function f i = f ig − (Ze φ/T i )f M i has both the adiabatic and the nonadiabatic pieces. The viscosity in (95) includes the nonlinear Reynolds stress, describing the E × B transport of toroidal angular momentum, and the transport due to the magnetic drifts v M 0 and finite Larmor radius effectsṽ 1 . In the absence of collisions, only the Reynolds stress gives a non-vanishing contribution as the other terms correspond to the gyroviscosity. In Appendix H we prove that
It becomes apparent that when we reach statistical equilibrium and the net radial transport of energy is slow so that ∂/∂t 0, the magnetic drifts only provide momentum transport proportional to the collision frequency. Since collisions are usually weak, this term will tend to be small. Moreover, it can be shown that this collisional piece vanishes exactly in updown symmetric tokamaks, leaving only the Reynolds stress,
In any case, we can see that the zeroth order viscosity is of order δ (76) since it allows easier analysis of existing simulations. Equation (76) can be used to check if the simulations reproduce the correct transport of toroidal angular momentum.
Since the vorticity equations (76) and (84) give equation (94) for k ⊥ ρ i 1, it may seem that they provide the correct radial electric field at long wavelengths. Moreover, we have deduced these vorticity equations employing only the gyrokinetic Fokker-Planck equation and the corresponding quasineutrality, making it tempting to argue that the traditional gyrokinetic method is good enough to find the radial electric field. This argument is flawed because there are missing terms of order δ 
Consequently, the gyrokinetic quasineutrality should provide the correct radial electric field up to wavelengths of order √ ρ i L. For longer wavelengths, there will be missing terms. This estimate only considers the terms that the gyrokinetic equation is missing and neglects possible numerical inaccuracies. Equation (84) is a better candidate for attempting to resolve the radial electric field problem at long wavelengths. It has been constructed so that it has a structure similar to the full vorticity equation (21) . We can compute the toroidal angular momentum transport Rζ· ↔ π i ·∇ψ at long wavelengths employing methods different from gyrokinetics [31] , and use it in equation (21) to find an equation for the radial electric field. Then, we could evaluate and introduce the missing pieces of order δ 
Discussion
We have shown how a vorticity equation recovers the physics of quasineutrality and at the same time retains the effect of the transport of toroidal angular momentum in the radial electric field. We have proposed two possible vorticity equations, (76) and (84). These two equations allow us to estimate the size of the term that determines the radial electric field, given by equation (28) . In this manner we prove that the radial current is so small that current gyrokinetic formalisms cannot reproduce it, requiring them to be intrinsically ambipolar, and thereby unable to determine the long wavelength, axisymmetric radial electric field.
Between the two vorticity equations, equation (76) is closer to the gyrokinetic quasineutrality and is probably the best candidate to implement and compare with existing results. In fact, a similar, but less complete, vorticity equation has already been implemented in the PIC gyrokinetic code GEM [32] . On the other hand, equation (84) is similar to the traditional vorticity equation (21) . It has the advantage of having the same form so that adding the off-diagonal toroidal-radial component of the ion viscosity with accurate physics for long wavelength phenomena is relatively easy.
These vorticity equations are valid for short wavelengths, on the order of the ion Larmor radius. They must be supplemented with long wavelength physics (possible with the guidance of neoclassical calculations [31] ) to be extended to wavelengths longer than √ ρ i L. Only then will the transport of toroidal angular momentum be correctly described. If the gyroBohm estimate and the neoclassical calculations provide the correct order of magnitude estimate of the radial transport of toroidal angular momentum, the calculation presented here must be extended, and the term (95) left on the right side of equation (94) is reduced in size because the transport is slower. This reduction in the size of (95) will probably happen due to a time average since it seems unlikely that it will remain small at every time step. As a result, the net momentum flow will tend to remain in flux surfaces. Finally, any numerical implementation of either of the vorticity equations needs to make sure that the properties derived and discussed are satisfied, namely, the scaling of the different terms with k ⊥ ρ i should be insured, and the cancellations that take place due to the flux surface average should also happen in the codes. It is for this reason that we give all the details of the analytical calculations including detailed appendices. 
, and the expansions will be carried out only to that order. In particular, we are interested inṘ · ∇ R f i +Ė(∂f i /∂E). In the termĖ(∂f i /∂E), we can make use of the lowest order equality ∂f i /∂E ∂f M i /∂E 0 . Then, we employĖ from (12) to writė
For ∇ R f i , changing from R, E, µ and ϕ to r, E 0 , µ 0 and ϕ 0 , we find
Here, ∂f i /∂µ 0 and ∂f i /∂ϕ 0 are small because the zeroth order distribution function is a stationary Maxwellian. The gradient of E 0 is given by 0
because the perpendicular gradient of φ is steeper and the parallel gradient of f M i is small, we find
where we have employed the lowest order result (41) and v ×b) is evaluated holding µ 0 and ϕ 0 fixed, and it is given by
InṘ, given by (11), the terms v M and v E are an order smaller than ub(R) so we may use ∇ R g r ↔ I for v M · ∇ R g r and v E · ∇ R g r to find the result in (43). In equation (43), we have also used ub(R) ub(r)
where we employ To obtain equation (48) from (42), we just need to prove that
Then, equation (48) 
where we employ relation (25) andb · ∇ φ 0; and 
M c Ze
where we again use relation (25) .
v ⊥ · ∇f ig , we have used that f ig 's only dependence on ϕ 0 is through R g . The final result for n iṼi is written in (65).
Appendix D. Like-collision operator
In this Appendix we show how to treat the gyroaveraged like-collision operator, C{f i } . The like-collision operator is
The vector Γ can also be written as in (64) because
Using gyrokinetic variables in equation (D.2), and gyroaveraging, we find
Here, B/u ∂(r, v)/∂(R, E, µ, ϕ) is the approximate Jacobian [26] , and we have used the transformation rule for divergences from one reference system {x i } to another {y j }:
where J y = ∂(x i )/∂(y j ) is the Jacobian of the transformation, Γ y j = Γ · ∇ x y j and ∇ x is the gradient in the reference system {x i }. To rewrite equation (D.4) in terms of the variables r, E 0 , µ 0 and ϕ 0 , we need to use (D.5) and the chain rule to find the transformation between the two reference systems {y j } and {z j }
Employing this relation to write equation (D.4) as a function of r, E 0 , µ 0 and ϕ 0 gives
where we have used the lowest order gyrokinetic variables R g , E 0 , µ 0 and ϕ 0 . This approximation is justified because the collision operator vanishes to lowest order, and only the zeroth order definitions must be kept. Note that we keep the first order correction
v ×b only within the spatial divergence because the spatial gradients are steep. Employing
In the main text, there are two integrals that involve the gyroaveraged collision operator, ∇ · (n i V iC ) = − d We can prove that the divergence of n i V iC , given in (63), is of order δ i (k ⊥ ρ i ) 2 ν ii n e rather than δ i k ⊥ ρ i ν ii n e . For k ⊥ ρ i 1, the R g = r + Ω Similarly, letting Γ → Γ · v ⊥ in (D.12) and ignoring ∇v ⊥ corrections as small, we find
Using these results in (63) the integral becomes
where we have used that d ν ii n e , can be simplified by employing that, for k ⊥ ρ i 1, the gyrophase dependent part of the distribution function is proportional to v ⊥ to zeroth order [see (27) ]. Then, the integral becomes ∇ · (n i V iC ) = −∇∇ :
1 1 the gyrophase dependent part is even in v || [recall (27) ] so this portion vanishes. As a result, the integral becomes Long wavelength limit of (cI/B)F iE ψ . The functionF iE , defined in (72), is written as
where we use d 
